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1. INTRODUCTION 
In [3] one of the authors defined parabolic ample bundles and generalized some results on 
the usual ample bundles to the context of parabolic ample bundles. In this sequel, we prove 
for parabolic ample bundles an analogue of a result on the connectivity of sections. The 
connectivity result in question, due to W. Fulton and R. Lazarsfeld, says that for an ample 
vector bundle E on a connected smooth projective variety X/C, the zero locus of a section of 
E is nonempty if rank E < dim,X, and it is connected if rank E < dim,X. 
Let E, denote a parabolic structure over a divisor D on a vector bundle E over X. To 
E, we associate a natural class of sections of E (see (2.6)); we shall denote this class by 
Hj(X, E,). Roughly speaking, a section in Hj(X, E,) does not intersect nontrivially the 
part of the quasi-parabolic filtration over D that corresponds to nonzero parabolic weights. 
When the parabolic structure is trivial then this class is simply the space of global sections of 
E. Assume that E, is parabolic ample, with a divisor of normal crossing as the parabolic 
divisor. In Theorem 2.7 we prove that the zero locus of any section in HF(X, E,) is 
nonempty if rank E d dim,X, and it is connected if rank E < dimcX. Examples are given to 
show that, for a general parabolic ample bundle, neither the connectivity statement nor the 
statement on nonemptiness of the zero locus is valid for all sections of E. 
Let F* be another parabolic bundle on X with F as the underlying bundle, and with the 
same parabolic divisor D. There is a natural generalization of homomorphism between 
vector bundles to the parabolic context [ll, lo]; the underlying vector bundle for the 
parabolic bundle Hompar(E.+, F,), is Horn&E*, F,), the vector bundle of parabolic 
homomorphisms. Assume that Hompar(E*, F,), is parabolic ample. For any section 
s E @(X, Hom&E*, F,),) c Ho&X, Horn&E*, F*)) G H”(X, Hom(E, F)) 
and any k 2 0, define 
Dk(s):= {x E X/ranks(x) < k} s X. 
The following generalization of Theorem 2.7 is valid: 
If dimcX > (rank E - k)(rank F - k) then Dk(s) is nonempty; moreover, Dk(s) is con- 
nected if dim,X > (rank E - k)(rank F - k). 
The above result is an analogue of Theorem II of [S] for parabolic bundles. 
Using a result of C. Simpson we construct examples of parabolic ample bundles in 
Proposition 3.1. 
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2. CONNECTIVITY OF SECTIONS OF PARABOLIC AMPLE BUNDLES 
Let us quickly recall the definitions of parabolic bundles (introduced in [ll, lo]) and of 
parabolic ampleness (introduced in [3]). In this paper we shall always assume the parabolic 
divisor to be a divisor of normal crossing. We shall also assume the quasi-parabolic 
filtration to be a filtration of locally free sheaves (this will be explained later). 
Let X be a connected smooth projective variety over @ of complex dimension d. Let 
D be a reduced divisor on X with 
D=i:Di 
i=l 
being its decomposition into irreducible components. The divisor D is assumed to be of 
normal crossing. By this we mean that any Di is smooth and they intersect ransversally. Let 
fi:Di +X (2.1) 
denote the inclusion of the divisor Di in X. 
Dejnition 2.2. Let E be a vector bundle on X. A quasi-parabolic structure on E (with 
respect o D) is a filtration by locally free subsheaves 
E = F,(E) IJ F,(E) 1 ... = F,(E) = F~+I(E) = Ez 0x(-D). 
The integer 1 is called the length of thejiltration. A parabolic structure is a quasi-parabolic 
structure, as above, together with a system of parabolic weights {ez1, . . . , al} such that 
OQa,< ... < @I < 1; the weight Cli corresponds to the subsheaf E(E). 
Remark 2.3. Any Fj(E) is locally free, but it is not a subbundle of E. Let Ei =fi*E be the 
restriction of E to the divisor Di. The condition that any Fj(E) is locally free is equivalent o 
the condition that there are subbundles Fj of Ei (the rank depends upon i and it may be zero) 
such that Fj(E) is the kernel of the natural restriction homomorphism (composed with 
projection) 
This condition has been explained in detail in [3, 41. 
Notation. We shall denote the above parabolic vector bundle by (E, F,, CCJ; and 
sometimes, when there is no scope of confusion, simply by E,. 
Given a parabolic bundle E, := (E, F,, a*) and any number t E R, define the following 
locally free sheaf (10, p. 80): 
I&:= Fj(E)(-[t]D) (2.4) 
whereEj_l<t-[t]<ajwithaO=al--landor [+ 1 = 1 ([t] denotes the integral part of t). 
Clearly, the collection {E,},,, determines the parabolic structure. 
Now we shall define the tensor product of two parabolic bundles [3]. 
Let E,: = (E, F,, Q) and I’, := (V, W,, ,8,) be two parabolic bundles on X, as in (2.2), 
with the same parabolic divisor D. Let {E,}, E w and {I’,},, w be the corresponding filtrations 
for E, and I/, defined by (2.4). 
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Let z denote the inclusion of the Zariski open set X - D in X. Consider the quasi- 
coherent @x-module defined by 
I-:= z*z* E@ v ( ) . cx 
For any c E I/?!, let M, denote the subsheaf of F generated by the set of all subsheaves 
(of F) of the form E, @ V, such that s + t > c. 
The collection { MEjC E w satisfies all the conditions required to define a parabolic sheaf 
with D as the parabolic divisor. The parabolic sheaf, thus obtained, is defined to be the 
parabolic tensor product of E, and V,, and it will be denoted by E, @ V,. 
We shall denote by S”(E.,J* the invariant subsheaf of the n-fold tensor product of E,, for 
the natural action of the permutation group, equipped with the induced parabolic structure. 
Definition 2.5. A parabolic vector bundle E, is called parabolic ample if for any coherent 
sheaf V on X, there is an integer no such that for all n > no, the sheaf S”(E*)o gc, V is 
generated by its global sections. 
Take a parabolic bundle E,:= (E, F,, ct*) on (X, D). Define 
H,o(X, E,) s H’(X, E) (24 
to be a subset consisting of all sections s of E satisfying the following condition: Case 1: 
cc1 = 0: for any x E Di, the evaluation s(x) .$ (F’,), - {0}, where (FL), is the fiber of F: at x 
(see Remark 2.3 for the definition of Fj); Case 2: c1i > 0: s vanishes (identically) on D. 
The above conditions mean that no section in Hi(X, E,) intersects nontrivially any part 
of the quasi-parabolic flag over D with nonzero parabolic weight. If al = 0 and for each 
component Di the image of the natural homomorphism H’(X, E)+H”(Di, Ei/F\) contains 
an element which is nowhere zero on Di, then the subset Hi(X, E,) contains a nonempty 
Zariski open subset of H’(X, E). (This condition is not necessary for containing a nonempty 
Zariski open set.) Another example is the following: if the parabolic structure is trivial, in 
other words if ai = 0 and 1 = 1, then Hj(X, E,) = H’(X, E). 
For a section s of E, define the zero locus 
Z(s):= {x E Xls(x) = O} c x 
to be the reduced subvariety where s vanishes. 
When the parabolic divisor D is the empty divisor then the following theorem is a special 
case of Theorem II of [S]. 
THEOREM 2.7. Let E,:= (E, F,, CI*) be a parabolic ample bundle of rank r. Then for any 
section, s E Hg(X, E,), the following hold: 
(1) The subvariety Z(s) c X is nonempty if d 3 r (d = dimcX); 
(2) moreover, if d > r, then Z(s) is connected. 
Proof Before actually proving the theorem we would first describe the idea of the proof. 
If all the parabolic weights of E, are rational numbers then there is a Galois cover 
f: Y+X, where Y is also a smooth projective variety, satisfying the following condition: 
there is a vector bundle W on Y together with a lift of the action of the Galois group such 
that E, is given by the invariant direct image of W. The sections of E are in one-to-one 
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correspondence with the space of invariants in W”( Y, W ) for the action of the Galois 
group. The given condition, namely s E Hi(X, E,), allows us to conclude that Z(s) is 
precisely the image (under f) of the zero locus of the corresponding invariant section; we 
shall call this corresponding section as 6. The assumption that E, is parabolic ample 
translates into the condition that W is an ample vector bundle (in the usual sense). This 
enables us to invoke Theorem II of [S] to conclude that the zero locus Z(a) is nonempty 
(resp. connected) if the rank of W is not greater than (resp. less than) the dimension of Y. 
Now, the fact that Z(s) isf(Z(o)), completes the proof of Theorem 2.7. We proceed to give 
the details of the proof. 
We first note that the condition of parabolic ampleness i  an open condition. By this we 
mean that if E, is parabolic ample, then if we perturb the nonzero parabolic weights 
(keeping the underlying vector bundle and the quasi-parabolic structure fixed), then the new 
parabolic bundles, thus obtained, are also parabolic ample for sufficiently small perturba- 
tions of the nonzero parabolic weights. Moreover, Hz(X, E’,) remains unchanged for 
sufficiently small perturbations of the nonzero parabolic weights. This implies that it is 
enough to prove Theorem 2.7 for the case where all the parabolic weights of E, are rational 
numbers. So assume that the parabolic weights of E, are of the form m/iv, where N E N is 
a fixed integer and 0 d m < N is an integer. 
We shall now reproduce a construction, using the parabolic bundle E,, of a vector 
bundle on a certain Galois cover of X, introduced in [4] (see also [3]). We begin by recalling 
the “covering lemma” of Kawamata [S, Theorem 1.1.1; 7, Theorem 171. 
With the above notation, there is a connected smooth projective variety Y and a Galois 
covering morphism (finite and flat) 
f:Y-+X (2.8) 
with Galois group G = Gal(Rat(Y )/Rat(X)), such that the reduced pullback divisor, 
namely, d:= (f*D)red is a divisor of normal crossing on Y, and f *Di = k,N.(f* Di)red, 
1 < i < n, where ki are positive integers. 
Let di denote the reduced divisor (f * Di)red. This means that 
Let Q: denote the vector bundle on Di obtained by tensoring the quotient sheaf Ei/F’i 
(defined in Remark 2.3) with the restriction of O,(Di) to the divisor Di (in other words, the 
normal bundle to Di). 
Define the integer mj by mj = ajN> where aj are the parabolic weights of E,. Let 
U: denote the kernel of the obvious projection off*(E @ O,(D)) onto the restriction of the 
pullback sheaf, f * Qf , to the (nonreduced) divisor ki(N - mj_ i)ai. 
There is a natural action of G onf* (E 0 O,(D)) which commutes with the Galois action 
of G on Y. We shall call a vector bundle on Y equipped with a lift of the action of G as an 
orbifold bundle. The action of G onf* (E 0 O,(D)) induces an orbifold bundle structure on 
the subsheaf Uf . 
Finally, define 
w:= f-j ~j (2.9) 
to be the intersection of all Uj insidef* (E @I O,(D)). The coherent sheaf W is actually locally 
free and it has an orbifold bundle structure induced by the orbifold bundle structure of 
f *@ 0 WDI) C31. 
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The parabolic bundle E, can actually be recovered from the orbifold bundle W [3,4]. 
Consider the following G-invariant sheaf of the direct image of the orbifold bundle: 
(2.10) 
This filtration {E,}, E R is precisely the filtration associated to E, by (2.4) [3, 43. 
Since f is finite and flat, H”( Y, W) = H’(X,f, W). The Galois group G has natural 
actions on both H”( Y, W) and H’(X,f, W), with the above identification being compatible 
with these actions. Taking G invariants of both sides we conclude that 
(HO(Y, W)G = (HO(X,f* w))G. 
Lemma 4.11 of [3] implies that (H’(X,f, W))G = H”(X, E). 
Take any s E Hg(X, E, ); let 
rs E (HO(Y, w))G 
be the element corresponding to s. Let Z(a) c Y denote the (reduced) subvariety where o is 
zero. 
Since E, is parabolic ample, using Lemma 4.6 of [3] we conclude that the vector bundle 
W is ample in the usual sense. 
Applying Theorem II of [S] to the section r~ we conclude that if d 2 Y then Z(o) is 
nonempty, moreover, if d > Y then Z(o) is connected. 
In view of the above observation, the proof of Theorem 2.7 will be completed once we 
are able to show that 
Z(s) = f(Z(a)). (2.11) 
Towards this goal, we first analyze the special case of rank r = 1. If the parabolic weight 
corresponding to the divisor Di is ni/N, then the line bundle W has the following explicit 
description [ 11: 
Since kinidi is an effective divisor, the sectionf*s (off* E) can also be thought of as a section 
of W. This section of W (given by f * s) is precisely Q. Now it is obvious that in the case of 
r = 1, for any s E Hj(X, E,) the equality (2.11) holds. 
In the general case, f * E and W are naturally isomorphic on Y - 0”. Indeed, this follows 
from the fact that W is a subsheaf off *(E @ O,(D)) and the reduced support of the quotient 
f * (E @ O,(D))/W is contained in 0”. This isomorphism on X - D takes the section f *s to cr. 
Thus, the following equality holds 
Z(s)n(X - D) = f (Z(a)n(Y - 0”)). 
The covering f in (2.8) has the property that for any irreducible component of 8, there is 
a cyclic subgroup Gi (of G) such that for the generic point of the given component of di, it is 
the isotropy subgroup (for the action of G on Y). In fact, Gi = Z/(kiNZ). From the 
construction of the orbifold bundle W it follows that for any 
y E di, n big n . . n Dj, (2.12) 
the action of the isotropy subgroup G, (for y) on the fiber WY factors through the abelian 
group of the direct sum 
G,:= Gi, 0 Gi, @ ... @ Gi,. 
786 Indranil Biswas and D. S. Nagaraj 
The reason for this is that, though fmay have an irreducible ramification divisor, say b, 
not contained in o”, the action of the isotropy subgroup of the generic point of fi on the fiber 
of W is the trivial action. For any y, as in (2.12), consider the action of G, (defined above) on 
the fiber WY. Let 
be a decomposition of WY into G, modules of dimension one. Take a sufficiently small 
analytic open neighborhood, U,, of y which is invariant under the action of any Gij, 
1 <j < k. On any point z E U,, the action of the isotropy subgroup for z on the fiber 
W, factors through the group G,. This is because the isotropy subgroup for any point in 
Y contains the isotropy subgroup for any other point in a sufficiently small neighborhood 
_ in particular, this applies to y. 
On U, we may decompose W as a direct sum of line bundles 
w”,=L,oL~o ... @L, 
such that each Li is an orbifold bundle for the group G,, the decomposition commutes with 
the action of G,, and the image in WY of the fiber at y of Li is the line Lf’. 
Recall that our aim is to check the validity of the following statement:f(y) E Z(s) if and 
only if y E Z(a). Now, using the above decomposition of WIuy we may consider the 
components of the section cr in any Li. This way we reduce the general situation locally to 
the case of a line bundle. But we noted earlier the validity of the above statement for the case 
of a line bundle. This completes the proof of Theorem 2.7. 0 
A special case of Theorem II of [S] is that if E is an ample vector bundle of rank I over 
X (of dimension d) with d > r, then the zero locus of any section of E is connected. Taking 
a hint from the Kawamata-Viehweg vanishing theorem we may wonder if the same 
connectivity statement is valid if ampleness is replaced by nef and big. The following 
interesting example of [9] answers this negatively. 
Take X = CP” x CP ‘, where n > 2, and E = pT G,,.(l) 0 pz 0c:$1 (k), where k 2 2 (pi is 
the projection of X onto the ith factor). It can be checked that E is nef (the restriction to any 
curve on X has positive degree) and 0 $(E,( 1) is big, although E is not ample. Take a section 
s of Ocpl(k) with distinct zeros. Since the zero set Z(0 @ pzs) of the section 
0 @ ~zs E H”(X, E) is simply p; 1 (Z(s)), the fact that the zeros of s are distinct implies that 
Z(0 0 pzs) is not connected. 
Let Hi (resp. H2) be a hyperplane in CP” (resp. CP’). Define the divisor 
on X, which is clearly of normal crossing. Put the following parabolic structure on E: the 
terms of the quasi-parabolic filtration are of the type 
F,(E) = pTGwOp;Gw((k - l)Hz) = E 
and F3(E) = E@ O,( -D) (in other words the length is 2, in the notation of Definition 2.2), 
and the parabolic weights are ~1~ = 0 and a2 = f . The parabolic bundle obtained this way 
will be denoted by E,. We claim that E, is parabolic ample. To see this, first note 
that a direct sum of parabolic ample bundles, with the naturally induced parabolic 
structure, is also parabolic ample. Consider the parabolic line bundle 5, with p: Lo,,.(l) as 
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the underlying line bundle, and with parabolic weight f on the parabolic divisor OF”’ x HZ. 
Since the parabolic tensor product 
(the ample line bundle ~T0,,.(2)0 p:O,,,(l) has the trivial parabolic structure), 4, is 
parabolic ample. Similarly, the parabolic line bundle [*, with p; BcP1 (k) as the underlying 
line bundle, and with parabolic weight f on the parabolic divisor H1 x CP ‘, is also 
parabolic ample. Now, the parabolic ampleness of E, follows from the equality 
For a section s of OcPl(k) with distinct zeros, p:s is a section of E whose zero locus is not 
connected. In other words, the connectivity statement in Theorem 2.7 is not valid for all 
sections of E. 
Let D be a smooth ample divisor on X. Consider the following parabolic structure on 
the trivial line bundle on X: the division D is the parabolic divisor and the parabolic weight 
is j-. This parabolic line bundle, denoted by L,, is parabolic ample. Though the underlying 
line bundle has a section which is nowhere zero, Hj(X, L,) = 0. 
In the rest of this section we shall describe how a parabolic analogue of Theorem II of 
[S] (stated in the introduction) can be derived from the proof of Theorem 2.7. 
Let E, and F, be parabolic bundles as in the introduction. Using openness of the 
ampleness condition (stated earlier), it is enough to prove for the case where the parabolic 
weights of E, and F, are all rational numbers. We shall assume that all the weights are 
integral multiple of l/N. Let W (resp. V) be the orbifold vector bundle on Y (in (2.8)) 
corresponding to E, (resp. F,). The parabolic bundle Horn&E*, F,), corresponds to the 
(usual!) homomorphism bundle Hom( W, V) which has a natural orbifold bundle structure 
(induced by the orbifold bundle structures of W and V). The assumption that 
Hompar(E*, F,), is parabolic ample implies that the vector bundle Hom(W, V) is ample. 
Let o be the (Galois group invariant) section of Hom( W, V) that corresponds to the section 
s in Hi(X, Hompar(E*, F,),) (the space Hj(X, Hornpar&, F,),) is defined in (2.6)). Define 
the subvariety 
Dk(o):= {YE Y/rank@) < k} E Y 
of Y, as done in the Introduction. 
Applying Theorem II of [S] to the section (T we conclude that if d > 
(rank E - k) (rank F - k) then Dk(a) is nonempty; moreover, Dk(o) is connected if 
d > (rank E - k)(rank F - k). It is straightforward to generalize the proof of Theorem 2.7 
to conclude that f(Dk(o)) = Dk(s). This completes the proof of the result stated in the 
Introduction. 
3. CONSTRUCTION PARABOLIC AMPLE BUNDLES 
In this section we shall, construct new examples of parabolic ample bundles. (Some 
examples were given in [2, 33.) 
We remark that for a parabolic bundle there is a notion of a parabolic Chern class which 
involves the usual Chern classes of the underlying bundle, the quasi-parabolic filtration, and 
the parabolic weights [4]. The ith parabolic Chern class of E,, which will be denoted by 
ci(E*), is an element of H2’(X, R), where X is the base. 
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Choose a polarization (an ample line bundle), L, on X. Let E, be a parabolic bundle of 
rank r, as in Definition 2.2, satisfying the following conditions: 
(1) E, is parabolic stable with respect to L (parabolic stability is defined in [lo]); 
(2) the cohomology class cl(E,):= SE1 cl (E,)dt E H’(X, R) is inside the ample cone; 
(3) 2~~2 (E,) = (r - U&E,); 
(4) all the parabolic weights of E, are rational numbers. 
Then we have the following proposition: 
PROPOSITION 3.1. Under the above assumptions, the parabolic bundle E, is actually 
parabolic ample. 
ProoJ Let W -+ Y be an orbifold bundle corresponding to E,, as in Theorem 2.7. 
Lemma 2.18 of [23 says that if W is ample then E, is parabolic ample. So it is enough to 
check that the vector bundle W is ample. 
Consider the polarization L =f*L on Y (the morphism f is finite). Fix a Kahler form 
w on Y which represents cl (2). Since E, is parabolic stable, from Proposition 2.16 of [2] we 
conclude that W is orbifold stable. This means that for a subsheaf F c W, with W/F 
torsion-free, and F left invariant under the action of G on W, the following inequality holds: 
s c~(F)uc,(~)~-~ c~(w)uc,(~)d-l Y 
rank F rank W . 
From Theorem 1 of [12, p. 8781, there is a Hermitian-Yang-Mills connection on W. We 
shall denote this connection by V. Consider the induced Hermitian-Yang-Mills connection, 
denoted by V, on End(W). 
The equality (4.6) of [3] says that f*c,(E*) = ci(W). In view of this, the third condi- 
tion on E, implies that c2 (End(W)) = 0 (indeed, c,(End(W)) = 2rc,(End(W)) - 
(r - l)ct(End(W))). N ow, since cl (End(W)) = 0, using Proposition 3.4, [12, p. 878-8791, 
we conclude that the connection V is flat. This is equivalent o the following: the curvature 
V2 of the connection is of the type 
where J. E R! is a constant scalar (recall that V is a Hermitian-Yang-Mills connection). Now 
the second condition on E, and the above mentioned equality (4.6) of [2] implies that the 
constant il must be strictly positive. 
This implies that W is positive in the sense of Griffiths [6]. In particular, W is ample. 
This completes the proof of the proposition. Cl 
Using openness of the stability condition, ampleness of E, can also be established in the 
absence of the assumption that all the weights are rational. 
Take a unitary representation p: 7tI (X - D)+U(r). There is a naturally associated 
parabolic bundle to p [4], which we shall denote by EP,; the underlying vector bundle will be 
denoted by E*. For a line bundle L there is a natural parabolic structure on EP @ L induced 
by the parabolic structure of E g, Assume that L is sufficiently positive so that the parabolic 
Chern class cl (EP, @I L) is in the ample cone. The above Proposition 3.1 and Theorem 4.8 of 
[2] combine together to imply that EP, @ L is actually parabolic ample. 
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